Three estimation policies for the optimal order quantity of the classical newsvendor model under exponential demand are evaluated in the current paper. According to the principle of the first estimation policy, the corresponding estimator is obtained replacing in the theoretical formula which gives the optimal order quantity the parameter of exponential distribution with its maximum likelihood estimator. The estimator of the second estimation policy is derived in such a way as to ensure that the requested critical fractile is attained. For the third estimation policy, the corresponding estimator is obtained maximizing the a-priori expected profit with respect to a constant which has been included into the form of the estimator. Three statistical measures have been chosen to perform the evaluation. The actual critical fractile attained by each estimator, the mean square error, and the range of deviation of estimates from the optimal order quantity, when the probability to take such a range is the same for the three estimation policies. The behavior of the three statistical measures is explored under different combinations of sample sizes and critical fractiles. With small sample sizes, no estimation policy predominates over the others. The estimator which attains the closest actual critical fractile to the requested one, this estimator has the largest mean square and the largest range of deviation of estimates from the optimal order quantity. On the contrary, with samples over 40 observations, the choice is restricted among the estimators of the first and third estimation policy. To facilitate this choice, at different sample sizes, we offer the required values of the critical fractile which determine which estimation policy eventually should be applied.
Introduction
The classical newsvendor model offers one-period optimal ordering policies for products whose demand life cycle lasts so long as the duration of the period. The optimal order quantity that minimizes the expected cost of the model is determined by equating the probability not to observe a stock-out during the period to a critical fractile which depends upon the overage and underage costs of the inventory system. The same optimal order quantity is obtained if instead of the expected cost we consider the expected profit.
In this case the critical fractile is a function of the revenue parameters (price and salvage value) and the cost parameters (purchase cost and shortage cost).
Two conditions are required for the application of the classical newsvendor model:
(a) at the start of any period the inventory system starts with stocking level equal to the optimal order quantity, and (b) no fixed costs are incurred with the delivery of the order quantity. The knowledge of demand distribution is also necessary in order to proceed to specifications of optimal ordering policies. But, in real life conditions at the stage of forming inventory policies, neither the true process of generating demand data nor the values of its parameters are known. To solve this problem, alternative estimation processes have been developed so far in the literature, and their choice mainly depends upon the type and length of historical data regarding demand per period.
The first classification of available estimation processes concerns the capability of keeping track of demand in cases where stock-outs occur. For example, when sales are conducted in an impersonal environment, it is impossible to measure that part of demand which is not met. So, in such cases the available sample constitutes of sales data, and at periods in the sample where stock-outs might have occurred, sales have underestimated the real demand. Under such circumstances, the available estimation processes take into account the unobserved lost part of demand, by modeling demand through censored or truncated distributions. References on this area include the works of Nahmias (1994) , Lau and Lau (1996) , Ernst and Kamrad (2006) , and Halkos and Kevork (2011) .
When records of real demand are available, no matter if stock-outs have or have not occurred in the periods included in the sample, two general approaches can be followed.
The first approach is the Bayesian and the second is the Frequentist. The Bayesian approach leads to a posterior distribution of parameters of demand distribution, which is continuously updated as the sample is enriched with new data for demand. The posterior distribution is generated from a prior distribution, with the latter to be chosen either using collateral data or subjective judgment. The posterior distribution is then used to estimate the optimal order quantity and the optimum value of the objective function. Early works on this area constitute the papers of Scarf (1959) , Iglehart (1964) and Azoury (1985) .
In the context of the Frequentist approach, three estimation policies have been suggested in the literature, providing that the demand distribution has been identified using appropriate statistical tests. According to the first estimation policy, the parameters of demand distribution are replaced by their estimates in the formula which determines the optimal order quantity. Replacing, however, demand parameters by their estimates, the optimal order quantity is incorrectly computed and the requested probability of not observing a stock-out is not attained.
This argument leads to a second estimation policy, where adjustments are made to the estimator of the first estimation policy in order the requested probability to be achieved. The third estimation policy, which is the oldest one, is based on the Expected Total Operating Cost (ETOC) function introduced by Hayes (1969) . The ETOC is the expected value of the expected cost of the newsvendor model, after having replaced the optimal order quantity by an appropriate estimator, whose form depends upon the type of demand distribution. This form is then specified by minimizing ETOC with respect to a certain constant which has already been included into the form of the estimator.
The last category of estimation processes refers to the case where records of demand per period are available, but the form of demand distribution cannot be identified. Then, researchers have two alternatives to estimate the optimal order quantity.
The first alternative is to follow a non-parametric approach which includes the samplingbased policy or the use of order statistics and bootstrapping techniques. In the samplingbased policy, demand is modeled by the empirical distribution function of historical demand data. The second alternative is followed when partial information about the demand (in terms of moments) is available. In this case the optimal order quantity is determined by maximizing the worst case expected profit considering all distributions with the same values of the available moments. The relevant literature review of the last two alternatives can be found in Liyanage and Shanthikumar (2005) , Janssen et al. In the current paper, which is classified to the area of the frequentist inferential approach, we evaluate for the first time the three aforementioned estimation policies when demand follows the exponential distribution. To perform the evaluation, three statistical measures are considered and their analytic forms are derived. The first statistical measure is the actual critical fractile that each policy attains, that is, the effective probability the estimated order quantity to meet the total demand occurred during the period. The second statistical measure is the Mean Square Error (MSE) of the estimator of each policy. The need for using MSE is the biasedness that arises to those estimators which either ensure the requested probability of not observing a stock-out during the period or minimize the ETOC function. Finally, the last statistical measure refers to the range of deviations of estimates from the optimal order quantity, when the probability to take such a range is the same for the three estimation policies.
The choice of exponential distribution has been made for three reasons. The first reason is that we take tractable results for the ETOC function, and so comparisons among the three estimation policies can be made at an analytic base. The second reason is existent evidences about the demand distribution from real-life inventory problems. Lau (1997) points out that demand for some seasonal fashion items is characterized by high uncertainties, and in such cases it is more appropriate the demand to be modeled by the exponential distribution. The third reason refers to a theoretic finding which Halkos and Kevork (2012) resulted in. Replacing the parameter of exponential distribution with its maximum likelihood estimator, they showed that validity and precision of the asymptotic confidence interval for the optimal order quantity do not depend upon the values assigned to the revenue and cost parameters of the newsvendor model. This theoretic result leads us in the current work to present the three statistical measures as functions of the critical fractile without making specific assumptions about the values that revenue and cost parameters take on.
The aforementioned discussion leads the rest of the paper to be structured as follows. The next section presents literature review concerning the use of the three estimation policies and existent results from comparative studies among alternative estimation processes. The specifications of estimators for the optimal order quantity according to the three estimation policies are obtained in section 3. In sections 4 and 5 we derive the analytic forms of the three statistical measures and we study their performance for different combinations of sample size and requested critical fractile. Finally, section 6 summarizes the most important findings of the current work. 
Theoretical background -Literature review
the optimization is performed either to the expected cost of the model (Lau, 1997) ,
or to the expected profit (Khouja, 1999) ,
Taking first and second order derivatives using Leibniz's rule, the optimal order quantity, * Q , is the same either minimizing ζ or maximizing ξ , and satisfies the sufficient condition
where R is the critical fractile representing the probability the optimal stocking level at the start of any period to be sufficient to meet the total demand which will occur during the period. So, at the beginning of each period, the inventory system will start with the optimal stock ( )
Following Schweitzer and Cachon (2000) , R can be either less or greater than 0.5. When, the specified values for p, c, v, s give 5 . 0 R < (or 5 . 0 R > ), then the product is classified as a low-profit (or high-profit) product.
Suppose that data on demand are available for the most recent n periods. Then, according to the first estimation policy of the frequentist inferential approach, θ is replaced in (3) with its estimator θ , leading to the estimator ( )
of the optimal order quantity for period 1 n + . For the analysis which follows, we name this policy as "Direct Estimation Policy (DEP)". The following works have used the principle of DEP to derive confidence intervals or to develop test of hypotheses concerning the optimal order quantity and the maximum expected profit.
Assuming normal demand, and replacing θ in (3) with its MLE, Kevork (2010) developed an appropriate estimator for the maximum expected profit and explored its statistical properties for both small and large samples. With normal demand, and using the sample mean and the unbiased estimator of the variance, Su and Pearn (2011) developed a statistical hypothesis testing methodology to select among two newsboy-type products the one which has a higher probability of achieving a target profit under the optimal ordering policy. When demand follows the Rayleigh or the exponential distribution, Halkos and Kevork (2012) replaced in (3) the parameter of each distribution by its MLE, and derived the distributions of the estimators for the optimal order quantity and the maximum expected profit.
Replacing, however, θ with θ , the optimal order quantity is incorrectly computed and the requested critical fractile, namely, the probability not to experience a stock-out during the period, is not attained. Ritchken and Sankar (1984) were the first who raised this problem and suggested appropriate adjustments to be made to the DEP estimator 1 n Q + . Assuming normal demand with unknown mean and unknown variance, Ritchken and Sankar made the necessary adjustment to that part of the DEP estimator which refers to the safety stock. The same problem of not attaining the requested critical fractile was studied by Katircioglou (1996) , who resulted in the same modified estimator with that one of Ritchken and Sankar. Janssen et al. (2009) also handled the same problem and obtained an estimator attaining the requested critical fractile when demand follows the normal distribution with unknown mean but known variance.
To the extent of our knowledge, in the current paper we derive for the first time the adjusted estimator which ensures under exponential demand the requested critical fractile using the Dirichlet and Beta distributions. For the modified estimators of these studies the term "unbiasdness" is used from a different perspective than the traditional one which is related to the sampling distribution of the estimator. Treating the optimal order quantity as the R th percentile of demand distribution, the modified estimators of the aforementioned studies are unbiased from the sense that they ensure the requested critical fractile. This is the reason why in the remaining analysis we name this policy as "Unbiased Percentile Estimation Policy (UPEP)".
Hayes (1969) introduced the concept of the Expected Total Operating Cost (ETOC)
to investigate the inaccuracy in the estimation of inventory targets such as the optimal order quantity in the newsvendor model. ETOC is the expected value of (1) an exponential and normal demand, when the latter one has unknown mean and known or unknown variance. Katircioglou (1996) also used the ETOC concept to study the effect of biasing in estimation when demand follows the normal and gamma distributions.
Modeling demand by the Johnson Translation System (JTS), Akcay et al. (2011) seek the specification of ( ) θ g which minimizes ETOC within a class of estimators implied by the JTS.
An equivalent to the ETOC concept is the a-priori Expected Profit (apEP) introduced by Liyanage and Shanthikumar (2005) . The apEP is the expected value of (2) after having replaced again Q with ( ) A number of comparative studies between alternative estimation processes exist in the literature. So, we are closing this section by presenting some indicative ones. Conrad (1976) showed that using sales data to estimate the parameter of Poisson distributed demand results in order quantities different than the optimal ones. Hill (1997) compared the Bayesian against the Frequentist approach with exponential, Poisson, and Binomial demand, and showed that Bayesian approach can result in lower expected total cost when a meaningful prior is available. Under a general continuous distribution, Ding et al. (2002) showed that in the presence of lost sales optimal order quantities are higher compared to the case where demand would be fully observed.
Similarly, modeling demand by the JTS, Akcay et al. (2011) quantified the inaccuracy in the DEP estimator as a function of the length of the historical data, the critical fractile, and the shape parameters of the demand distribution and suggested the use of the HEP instead of the DEP for setting order quantities in the presence of this inaccuracy. But, according to the statistical measures which we have chosen to compare the three estimation policies under consideration, when demand follows the exponential distribution, our work concludes that no estimation policy predominates over the others, and the choice is left in inventory managers. If managers can accept a reasonable reduction to the requested probability of not having a stock-out during the period, the choice between the DEP and the UPEP depends on the value of the critical fractile.
Estimators for the optimal order quantity
Given that a sample n 2 1 X ,..., X , X is available, and denoting by θ the maximum likelihood estimator (MLE) of θ , the order quantity that will be used for period 1 n + is determined from ( )
. To estimate * Q from 1 n Q + , we shall assume that in every period in the sample, the salvage value had been set up at a level which ensured that if any excess inventory remained at the end of period, this was disposed of through either consignment stocks or buyback arrangements.
Under an exponential demand we have ( )
from (2), the expected profit becomes
the optimal order quantity is determined from (3) as
and the MLE of θ is the sample average n X 
Percentile Unbiased Estimation Policy (PUEP)
The estimator Then the cumulative distribution function of ( )
from which we take ( ) ( )
, and finally
Hayes Estimation Policy (HEP)
Defining the estimator , and using (4), the a-priori expected profit 
where in this case
. Then the expected value of
where ( ) n Γ is the gamma function evaluated at n.
Result (9) is also stated in Liyanage and Shanthikumar (2005) but without proof.
Using (9), apEP takes the form 
Actual Critical Fractile
To start with evaluating the three estimation policies under exponential demand, in the current section, for each estimator, we derive the analytic form of the actual critical fractile, that is, the effective probability to cover the total demand occurred during the period, when the order quantity is determined by each estimation policy. As a benchmark, we take the PUEP estimator as its use ensures that the actual critical fractile equals to the requested one. For the analysis which follows, we remind the reader that 1 j = stands for the DEP estimator, 2 j = for the PUEP estimator, and 3 j = for the HEP estimator.
For the j th estimation policy, the actual critical fractile is defined as the probability
. Using (6) and (7), its analytical form is To carry on the analysis, we consider the following pairwise differences, which are obtained through (10):
Asymptotically the DEP and HEP estimators give the requested critical fractile 
The sign of differences 
Mean Square Error and deviations of estimates from the optimal order quantity
The analytic form of the Mean Square Error of each estimator is derived in this section and its relation to the actual critical fractile is investigated. As we mention in section 3, the DEP estimator is unbiased for * Q , while the other two estimators are not.
Relevant to the MSE is the range of deviations of estimates from the optimal order quantity. The lower limit and the upper limit of the range are derived, when the probability of such a range to occur is the same for the three estimation policies. Finally, the relation between the MSE and the range of deviations of estimates from the optimal order quantity is investigated with regard to the patterns of behavior of the actual critical fractile which have been discussed in the previous section.
To start with, the analytic form of MSE is derived through (8). By setting n j κ = ω , the sampling distribution of By setting
which holds for ∞ < ≤ n 2 , and R between zero and one. Setting also ( ) 0
we obtain the inequality
which holds for finite 2 n ≥ and o R R < . The inequality in (14) Having available (13) and (14), we reach the next proposition which ranks the sizes of ( ) j 1 n Q MSE + for the three estimation policies. Proof: See in the Appendix.
To relate the range of deviations of estimates from the optimal order quantity to the actual critical fractile and the MSE of the three estimators, we consider the next probability: 
is the v th percentile of the
is a right-skewed distribution, it is easily deduced that for each estimation policy
Proposition 4: Given the sample size, n, for any o R R < we have
Proof: See in the Appendix.
The findings of propositions 1 up to 4 are accompanied with results displayed in Tables 2 and 3 . The general conclusion is that no estimation policy predominates over the others, and the choice is left in inventory managers. At the stage of selecting an estimation policy, inventory managers should balance the loss in the requested critical fractile against increases which they will face in mean square errors and maximum deviations of estimates from the optimal order quantity with a pre-specified probability. In the current work, under an exponential demand, we offer the necessary formulae for constructing at any requested critical fractile tables similar to table 2 (or table 3 ), in order practitioners to have the appropriate information to come up with a decision. Table 3 : Sizes of the statistical criteria when the requested critical fractile takes on those values where the differences between them and the actual critical fractiles attained by the DEP estimator become maximum For example, suppose that demand is available for a sample of 10 periods, and the values of parameters p, c, v, s result in a requested critical fractile equal to becomes maximum. In such a case, from the data of table 2, the manager can evaluate whether by selecting the HEP estimator a reduction of 3.5% from the requested critical fractile could compensate for a more than 22% increase of the MSE and the maximum deviations of estimates from the optimal order quantity (with probability 95%) which he will face by using the UPEP estimator. In the same hypothetical example, if o R R = , the inventory manager would face a similar dilemma, that is, the choice among the DEP and UPEP estimators. With 10 n = , the use of the DEP estimator would lead to a reduction of 2,6% from the requested critical fractile. But on the other hand, the selection of the UPEP estimator would give a MSE increased by 35.5%, and a maximum deviation of estimates from the optimal order quantity increased by 26.6 % (with probability 95%).
We are concluding therefore, that the use of the UPEP estimator can offer the requested critical fractile, but, unfortunately, its use has as consequences larger MSE's and larger range of deviation of estimates from the optimal order quantity. Of course such problems do not exist in large samples as the sizes of all the statistical criteria under consideration are approximately the same.
Conclusions
In this per we consider the classical newsvendor model with exponential demand and for the first time we evaluate three estimation policies for the optimal order quantity. We name them as Direct Estimation Policy (DEP), Unbiased Percentile Estimation Policy (UPEP) and Hayes Estimation Policy (HEP). According to the principle of the DEP, the estimator for the optimal order quantity was obtained after we had replaced the parameter of the exponential distribution with its maximum likelihood estimator in the formula which determines the optimal order quantity.
In the context of the UPEP, we modified the DEP estimator in order the new adjusted estimator to attain the requested critical fractile, namely, the probability of not having a stock-out during the period. The HEP is based on the concept of the Expected Total Operating Cost (ETOC) or the equivalent concept of the a-priori Expected Profit (apEP). In the current work, we obtained the apEP by taking the expected value of the expected profit after we had replaced the order quantity with a linear function of the maximum likelihood estimator of the parameter of exponential distribution. The linear function was then specified by maximizing the apEP.
To perform the evaluation we considered three statistical measures for which we derived analytic forms. The first statistical measure is the actual critical fractile which each policy attains. The actual critical fractile is the effective probability the estimated order quantity to meet the total demand which will occur during the period. By definition, only the PUEP estimator attains the requested critical fractile. The second statistical measure is the Mean Square Error (MSE) of the estimator of each policy, and only the DEP estimator is unbiased for the optimal order quantity. The final measure refers to the range of deviations of estimates from the optimal order quantity, when the probability to take such a range is the same for the three estimation policies.
The behavior of the aforementioned three statistical measures was studied analytically for different combination of sample sizes and requested critical fractiles. The general conclusion is that no estimation policy predominates over the others. The closer the actual critical fractile lies to the requested one, the larger the MSE of the estimator and the larger the range of deviations of estimates form the optimal order quantity we take. So, although the UPEP estimator gives the requested critical fractile, it has the largest mean square error, the largest range of deviations, and the largest deviation of estimates from the optimal order quantity. Among the DEP and HEP estimators, which one attains the closest actual critical fractile to the requested one depends upon the value of the requested critical fractile. When this value is quite close to 1, the HEP estimator gives a better actual critical fractile, but it has larger MSE and larger range of deviations of estimates from the optimal order quantity compared to the DEP estimator.
Consequently, the choice among the UPEP estimator on the one side and the DEP or the HEP estimator on the other side can be made on a subjective base accordingly to the preferences of inventory managers. So, if a manager requires a high degree of confidence that the requested critical fractile will eventually occur, he should use the UPEP estimator, knowing however the consequences of such a choice regarding the relatively greater size of the MSE and the size of deviations of estimates from the optimal order quantity. But, when demand follows the exponential distribution, this problem of choice is in existence only for the case of small samples.
We showed that with samples over 40 observations, the deviation of the actual critical fractile attained by the DEP and the HEP estimator from the corresponding requested critical fractile is negligible. Thus, with samples over 40 observations, the choice is restricted among the DEP and the HEP estimator. In this paper, for different sample sizes, we give the values of the requested critical fractile which eventually enable us to make the choice between the latter two estimation policies.
APPENDIX

Proof of Proposition 1
Taking n as a fixed quantity, first and second order conditions to maximize 
From (A1) and (A2) it is concluded that
, which completes the proof.
Proof of Proposition 2
Taking n as a fixed quantity, we take the following derivatives: 
Proof of Proposition 3
which follows from (10).
(ii) 
which follows from (A1), by setting 1 n r + = .
(iii) The proof is completed, by using (9) and combining (A1), (A2), and (A4) to get: (iii) The proof is completed by using again (A5), (A6), and (A8) in the following differences: 
